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Introduction
A latin square of order q is a q × q array of q symbols where each symbol occurs exactly once in every row and in every column. A d-dimensional array satisfying the same condition is called a latin d-cube. Any 2-dimensional axis-aligned plane (face) of a latin d-cube of order q is a latin square of order q by definition. Two latin squares are orthogonal if, when they are superimposed, every ordered pair of symbols appears exactly once. If in a set of latin squares, any two latin squares are orthogonal then this set is called a system of Mutually Orthogonal Latin Squares (MOLS). Two latin d-cubes are orthogonal if any pair of corresponding 2-dimensional faces of these cubes is a pair of MOLS. Bose, Shrikhande and Parker [1] proved that for each positive integer q, q = 2, 3, 6, there exists a pair of orthogonal latin squares of order q and pairs of orthogonal latin squares of orders 2, 3 and 6 are not exist. As a corollary we obtain nonexistence of pairs of orthogonal latin d-cubes of orders 2, 3, 6. The complete spectrum of possible orders of pairs of orthogonal latin d-cubes remains unknown for any d ≥ 3. The minimum such order is 10. In this paper we construct pairs of orthogonal latin 3-cubes for a sequence of previously unknown orders q i = 16(18i − 1) + 4 and q ′ i = 16(18i + 5) + 4. The minimum new order is 84. Let Q q = {0, . . . , q − 1}. A subset C of Q d q is called an M DS(t, d, q) code (of order q, code distance t + 1 and length d) if |C ∩ Γ| = 1 for each t-dimensional axis-aligned plane Γ. Ethier and Mullen [2] proved that M DS(2, 2 + s, q) codes are equivalent to pairs of orthogonal latin s-cubes of order q. There are two well-known methods for constructing MDS codes. If q is a prime power, then we can consider Q q as the Galois field GF (q). MDS codes obtained as the solution of an appropriate system of linear equations over GF (q) are known as Reed-Solomon codes. If there exists an M DS(t, d, p 1 ) code and an M DS(t, d, p 2 ) code, then we get an M DS(t, d, p 1 p 2 ) code by a product construction (McNeish's theorem). We represent a new construction of M DS(2, 5, q) codes that is similar to Wilson's construction for pairs of orthogonal latin squares with aligned subsquares (see, [4] and [5] ).
The problem of existence of MDS codes with non-prime-power orders is connected to the problem of existence of Steiner block designs. By methods of random graph theory Keevash [6] proved that the natural divisibility conditions are sufficient for existence of Steiner system S(t, k, n) apart from a finite number of exceptional n for given fixed t and k. It is not difficult to prove that any MDS code is equivalent to a transversal in an appropriate multipartite hypergraph (see [8] ). Then the existence of MDS codes M (t, k, n) follows from Keevash's theorem (Theorem 1.7 [7] ) apart from a finite number of exceptional n for given fixed t and k. In the last section of this paper we propose a construction of pairs of orthogonal latin 3-cubes based on Steiner block designs.
Note that an M DS(2, q+1, q) code (a pair of orthogonal (q−1)-cubes) is an 1-error correcting perfect code. The existence of such codes is a well-known problem if q is not a prime power (see [3] ).
Connection between MDS codes and orthogonal systems
A system consisting of t functions f 1 , . . . ,
We assume that any system is orthogonal if t < s. If the system keeps to be orthogonal after substituting any constants for each subset of variables, then it is called strong-orthogonal. If the number of variables is two, then such system is a system of MOLS (see [2] ). If s = 3, it is a set of Mutually Orthogonal Latin Cubes (MOLC). Ethier and Mullen [2] proved that MDS codes are equivalent to strong-orthogonal systems.
Constructions of MDS codes
The Hamming distance ρ between two elements of Q d q is the number of positions at which the corresponding symbols are different. In this paper we use only Hamming distance. The code distance of
ρ(x, y). The Singleton bound for the cardinality of a code C ⊂ Q d q with distance t + 1 is |C| ≤ q d−t . MDS codes achieve equality in this bound.
q with code distance t + 1 is an MDS code if and only if |C| = q d−t .
We will say that an
By using a well-known construction of a linear MDS code ( [3] , Chapters 10,11) by means of an appropriate parity-check matrix over GF (q) we can conclude that the following proposition is true.
Proposition 3 Let q be a prime power. Then for each integers d ≤ q + 1 and ̺, 3 ≤ ̺ < d, there exists a linear (over GF (q)) MDS code C ⊂ Q d q with code distance ̺.
By removal of any row from a parity-check matrix of a linear MDS code with distance t + 1, we obtain a parity-check matrix of an MDS code with distance t that contains the original code. Thus Propositions 4 and 5 follow from Proposition 3. The set Q q 1 q 2 can be considered as the Cartesian product
By combining results of Propositions 3 and 6 we obtain that M DS(2, 5, q) codes exist if q = 2 δ 2 3 δ 3 5 δ 5 . . . , where δ 2 = 1 and δ 3 = 1.
Let A ⊂ Q q . Denote by π A a function mapping from Q p ×Q q to Q p(q−|A|)+|A| by the following rule: π A (x, y) = (x, y) if y ∈ A, and π A (x, y) = y if y ∈ A. Let 
Theorem 1 Suppose that
E is an M DS(2, 5, q 1 − q) code on alphabet A, F is an M DS(2, 5, q 1 ) code with 4-A-hole, and G is an M DS(2, 5, q 1 ) code with 5-A-hole, where |A| = q 1 − q.
The code distance of X × A Y is not less than code distance of Y . Hence the interior distances of the codes E, 
. This distance is not less than the distance between M \ M 1 and M 1 \ M 2 (or M 2 ), i. e., it is not less than the code distance of M . We have that U 2 (E) ∩ F = U 2 (E) ∩ G = ∅ by the definition of a code with j-A-hole. Thus the distance between E and (
is not less than the distance between E and F or G, i. e., it is not less than 3.
The distance between M 1 \ M 2 and M 2 is equal to 4. Take (x 0 , x 1 , x 2 , x 3 , x 4 ) from M 1 \ M 2 . Each element of (x 0 , x 1 , x 2 , x 3 , x 4 )× A F contains not more than 1 symbol from A. Consequently, the distance between (x 0 , x 1 , x 2 , x 3 , x 4 ) × A F and M 2 × A G is not less than 3.
By the Singleton bound (Proposition 2) C is an MDS code.
It is easy to see that the MDS code C constructed by using the theorem above contains subcodes of orders q and q 1 . These subcodes are x × D, where x ∈ M \ M 1 , and Proof. By direct calculation we obtain the following equalities.
F is not less than the distance between C i and C j . The interior distances of codes C i × (A,i) F , i = 1, . . . , k, and M \ ( k i=1 C i ) × D are not less than the code distance of M . Therefore, the code distance of S equals 3.
Let us prove that S ∩ U 3 ((
By definition of 4-A-hole, each element of F contains not more than 1 symbol from A. So, each element of S contains not more than 1 symbol from A, i) ) 5 . Consider any vector w with 4 or less coordinates from k i=1 (A, i). For example, w = ((x 0 , y 0 ), (a 1 , i 1 ), (a 2 , i 2 ), (a 3 , i 3 ), (a 4 , i 4 ) ). By definition of F we have (y 0 , a 1 , a 2 , a 3 , a 4 ) ∈ U 3 (F ). Without lost of generality, we have z = (y 0 , a 1 , z 2 , z 3 , z 4 ) ∈ F . For each i = 1, . . . , k there exists a vector (x 0 , x 1i , x 2i , x 3i , x 4i ) ∈ C i . Denote by x such vector from C i 1 . Then the distance between vectors x × (A,i 1 ) z and w is equal to 3. Similarly, we can consider the cases when w contains less than 4 coordinates from 
Connection between MDS codes and combinatorial designs
A Steiner system with parameters τ, d, q, τ ≤ d, written S(τ, d, q), is a set of d-element subsets of Q q (called blocks) with the property that each τ -element subset of Q q is contained in exactly one block. If x, z ∈ M X and X ∈ D 2 , then ρ(x, y) ≥ 3 by the definition of M X . Any non-constant permutation from Alt(5) permutes 3 or more elements. Therefore for X ∈ D 3 \ D 2 we obtain that ρ(x, y) ≥ 3 for any distinct x, z ∈ M X .
Proof. Consider a block
Thus we proved that the code distance of M is at least 3. So, M is an M DS(2, 5, q) code by the Singleton bound (Proposition 2).
